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Why RMT?

Covariance: Σ = I +
r∑

k=1

ηkuku∗
k, ||uk|| = 1
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Our Focus

X ∈ Cn×m(m ≥ n) X =

x1 . . . xm


n×m

xj ∈ Cn×1 for j = 1, . . . ,m

E {X} = O E
{

xjx∗
j

}
= Σ Independent samples

Xn×m ∼ CN n,m(O,Σ⊗ Im)

Σ = I +
r∑

k=1

ηkuku∗
k where ||uk|| = 1 Spiked covariance (Johnstone, 2001)

• r = 1 : Σ = In + ηuu∗ Single-spiked/rank-one perturbation
• Signal detection, PCA, Factor models, Equal correlation MIMO model
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Our Focus: Scaled Condition Number (Demmel Condition Number)

Wishart-Laguerre ensemble: W = XX∗ =

m∑
j=1

xjx∗
j (W Positive Definite for m ≥ n)

Eigen-decomposition: W = UDiag(λ1, . . . , λn)U∗ with 0 < λ1 ≤ . . . ≤ λn

κ2
SC(X) = ||X||2F ||X†||22 =

n∑
i=1

λi

λ1

• Origin: To measure degree of difficulty associated with numerical analysis problems
• Statistical characterization motivated by Probabilistic Analysis (Demmel, 1988, Spielman

and Teng, 2002 etc.)

Note: Eigenvalues of Σ : 1 + η, 1, . . . , 1︸ ︷︷ ︸
n−1 times

=⇒ κ2
SC(XΣ) = n+ η
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κ2
SC(X) in Cognitive Radio Spectrum Sensing

Primary User 1

Primary User 2

Secondary User 1

Secondary User 2

H0 : x(k) = w(k)

H1 : x(k) = hs(k) + w(k)

• CR introduced by (Mitola and Maguire, 1999)
• A promising technology for 5G
• Already standardized: IEEE 802.22, 802.11af 5



κ2
SC(X) in CR Spectrum Sensing: Binary Hypothesis Testing

H0 : x(k) = w(k), k = 1, . . . ,m

H1 : x(k)= hs(k) + w(k), k = 1, . . . ,m

Population covariance: R = E {x(k)x(k)∗} =
{

σ2In under H0

σ2In + γhh∗ under H1

Sample covariance: R̂ = 1
m

m∑
j=1

x(j)x(j)∗ =
1

m
XX∗: X = [x(1) . . . x(m)]n×m

Instead consider W = XX∗ ← Scaling won’t affect κ2
SC(X)

Test Statistic: κ2
SC(X)

H1

≷
H0

ξ

(Zeng & Liang, 2009, Axell et al., 2012)

• False alarm rate - p.d.f. under H0 (Zhong et. al., 2011)
• Detection power - p.d.f under H1 ??
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κ2
SC(X) for Adaptive MIMO Transmission Characterization

MIMO: Trade-off between Rate and Reliability

Diversity
send same symbol

through multiple paths
to increase reliability

Multiplexing
send different symbols
through different paths
to increase data rate

MIMO model: y = Hs + n→ Under ML detection: Pr (ϵ|H) = f(d2min-rx)

Antenna correlation (Correlated Rayleigh): H ∼ CN n,m(0,Σ⊗ Im)

Instantaneous decision: κ2
SC(H) <

d2min-tx,multiplex.
d2min-tx,diversity

=⇒ Use multiplexing

Statistical properties??
(Heath and Paulraj, 2005)
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And More...
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What We Know

”On the distribution of a scaled condition number”
A. Edelman

Math. Comp., 1992.

Figure 2: For square X ∼ CNn,n(0, In ⊗ In)
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What We Know
”Distribution of the Demmel condition number of Wishart matrices”

C. Zhong et. al.
IEEE Trans. Commun., 2011.

Figure 3: For rectangular X ∼ CNm,n(0, Im ⊗ In): n dependent sum and tensor T 10



What We Know
”Distribution of Demmel and related condition numbers”

P. Dharmawansa et. al.
SIAM J. Matrix. Anal. Appl., 2013.

Figure 4: For rectangular X ∼ CNm,n(0, Im ⊗ In): (m− n) dependent sum and det
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What We Know
”Some new results on the eigenvalues of complex non-central Wishart matrices with rank-1 mean”

P. Dharmawansa
J. Multivariate. Anal., 2016.

Figure 5: For rectangular X ∼ CNm,n(µ, Im ⊗ In): Support smoothed analysis

Extension: Correlated X 12



The Journey

• f (W) dW =
detm−n (W) e−tr(Σ−1W)

Γ̃n(m) detm (Σ)
dW (Wishart, 1928)

• Eigen-decomposition W = UΛU∗ =⇒ f (W) dW ∝ f (UΛU∗)∆2(λ)dΛdU
Eigenvectors + Eigenvalues

• f(λ1, .., λn) ∝ det−m (Σ)∆2(λ)
∏n

j=1 λ
m−n
j

∫
Un

e−tr(Σ−1UΛU∗)dU

• Integration over the unitary manifold: Contour integral approach (Wang, 2012)
• Joint eigenvalue density:

f(λ1, .., λn) = Cn,α,η

n∏
i=1

λα
i e

−λi ∆2
n(λ)

Vandermonde det.
∆n(λ) =

∏
1≤i<j≤n(λj − λi)

n∑
k=1

ecηλk

n∏
i=1
i ̸=k

(λk − λi)

13



The Journey

• Derive m.g.f.:
Mκ2

SC(X)(s) = E
{
e−sκ2

SC(X)
}
=

∫
0<λ1≤λ2≤···≤λn<∞

e−sκ2
SC(X)f(λ1, . . . , λn)dλ1 . . . dλn

• Selberg-type integrals on Rn

T (α)
n (a, b) :=

∫
· · ·

∫
[0,∞)n

n∏
i=1

(a− yi)(b− yi)
α e−yiy2i︸ ︷︷ ︸

Laguerre weight

∆2
n(y)dy1dy2 · · · dyn

Solution: Orthogonal polynomial technique (Mehta, 2004)
• Laplace inverse: fα

κ2
SC(X)

(z) = L−1
{
Mκ2

SC(X)(s)
}
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Finite Dimensional Result
Theorem: The p.d.f. of κ2

SC(X), for X ∼ CN n,m(0, (In + ηuu∗)⊗ Im), is given by

fα
κ2

SC(X)(z) = Kn,α,η
(z − n)n(n+α)−α−2(
z − η

1+η

)n(n+α)

n+α−2∑
k1=0

. . .
n−1∑
kα=0

α∏
j=1

Aj(kj)(z − n)−kj

× det
[
Qi(z, η)

1

Γ(n+ i− j − kj)

]
i=0,..,α
j=1,..,α

Depend only on α

H(z − n)

Step function

Qi(z, η) ∈ R is in terms of 3F2 (. . . ).

• Complexity depends on α = m− n
• Facilitates asymptotic analysis (for large m,n)
• For α = 0: simple expression

f0
κ2(X)(z) ∝

(z−n)n
2−2

(z−cη)
n2 3F2

(
arguments in n; cη

z−n
z−cη

)
H(z − n)
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Analysis vs. Intuition
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Figure 6: Effect of matrix size (m,n)

16



Analysis vs. Intuition
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Figure 7: Effect of correlation (η)
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Analysis vs. Intuition
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Figure 8: Effect of m with fixed n

• Large m with n, η fixed =⇒ p.d.f. concentrates around n+ η 18



Detector Performance: ROC
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Simulation
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Figure 9: Effect of m and ηSNR with n = 5

Pα
F = Pr

{
κ2

SC(X) > ξ|H0

}
Pα
D = Pr

{
κ2

SC(X) > ξ|H1

}
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Asymptotic Behaviour
Limit m,n −→∞ with n/m = c ∈ (0, 1) constant

• Scaling: η = O(1) and (1−
√
c)8/3

c5/6m1/3

(
κ2

SC(X)− mc

(1−
√
c)2

)
= W

F c
W (w)→ F2(w)

• F2(w) is the famous Tracy-Widom distribution (Tracy and Widom, 1994)

F2(t) = exp
(
−
∫ ∞

t

(x− t)q2(x)dx
)

q(x) denotes the Hastings-McLeod solution of the homogeneous Painlevé II equation
d2

dx2 q(x) = 2q3(x) + xq(x) characterized by the boundary condition q(x) ∼ Ai(x) as
x→∞ with Ai(x) denoting the Airy function
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Asymptotic Behaviour

Limit m,n −→∞ with m− n = α constant (Phy. macroscopic limit)
• Scaling: η ∝ 1/n and κ2

SC(A)/µn3 = Vn
in distribution−−−−−−−−→ V

Fα
V (v) = e−

1
µv det

[
Ij−i

(
2
√
µv

)]
i,j=1,..,α

H(v)

• For α = 0, F 0
V (v) = e−

1
µv

• No η-dependency =⇒ Coincides: uncorrelated X (Dharmawansa et. al., 2013;
Dharmawansa, 2016)
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How Small is too Small?
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Analytical CDF limit:
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distribution with β=2
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Figure 10: Asymptotic c.d.f.: constant n/m Figure 11: Asymptotic c.d.f.: constant m− n
(simulations with n = 100)

• Agrees well for moderately large finite dimensions
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Conclusion

• Correlated Wishart matrix: Single-spiked covariance Σ = In + ηuu∗

• Scaled condition number

κSC(X) =

√∑n
i=1 λi

λ1

• Exact p.d.f.: Complexity depends on rectangularity of X (i.e., m− n)
• Asymptotic characterization in two regimes

• Extension to rank-r perturbation: Σ = In +
r∑

k=1

ηkuku∗
k??

• A technical paper to appear in IEEE Transactions on Information Theory

Thank You!
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